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Two distinct research approaches have been proposed for assigning a purely extensional semantics 
to higher-order logic programming. The former approach uses classical domain-theoretic tools while 
the latter builds on a fixed-point construction defined on a syntactic instantiation of the source pro¬ 
gram. The relationships between these two approaches had not been investigated until now. In 
this paper we demonstrate that for a very broad class of programs, namely the class of definitional 
programs introduced by W. W. Wadge, the two approaches coincide (with respect to ground atoms 
that involve symbols of the program). On the other hand, we argue that if existential higher-order 
variables are allowed to appear in the bodies of program rules, the two approaches are in general dif¬ 
ferent. The results of the paper contribute to a better understanding of the semantics of higher-order 
logic programming. 

1 Introduction 

Extensional higher-order logic programming has been proposed lITOl fTl 121171151141 as a promising general¬ 
ization of classical logic programming. The key idea behind this paradigm is that the predicates defined 
in a program essentially denote sets and therefore one can use standard extensional set theory in order 
to understand their meaning and reason about them. The main difference between the extensional and 
the more traditional intensional approaches to higher-order logic programming 0IH is that the latter 
approaches have a much richer syntax and expressive capabilities but a non-extensional semantics. 

Actually, despite the fact that only very few articles have been written regarding extensionality in 
higher-order logic programming, two main semantic approaches can be identified. The work described 
in llT0i r71l5ll4l uses classical domain-theoretic tools in order to capture the meaning of higher-order logic 
programs. On the other hand, the work presented in |[T]|3 builds on a fixed-point construction defined on 
a syntactic instantiation of the source program in order to achieve an extensional semantics. Until now, 
the relationships between the above two approaches had not yet been investigated. 

In this paper we demonstrate that for a very broad class of programs, namely the class of definitional 
programs introduced by W. W. Wadge ifTOl . the two approaches coincide. Intuitively, this means that 
for any given definitional program, the sets of true ground atoms of the program are identical under the 
two different semantic approaches. This result is interesting since it suggests that definitional programs 
are of fundamental importance for the further study of extensional higher-order logic programming. On 
the other hand, we argue that if we try to slightly extend the source language, the two approaches give 
different results in general. Overall, the results of the paper contribute to a better understanding of the 
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semantics of higher-order logic programming and pave the road for designing a realistic extensional 
higher-order logic programming language. 

The rest of the paper is organized as follows. Section [2] briefly introduces extensional higher-order 
logic programming and presents in an intuitive way the two existing approaches for assigning meaning 
to programs of this paradigm. Section [3] contains background material, namely the syntax of definitional 
programs and the formal details behind the two aforementioned semantic approaches. Section|4] demon¬ 
strates the equivalence of the two semantics for definitional programs. Finally, Section [5] concludes the 
paper with discussion regarding non-definitional programs and with pointers to future work. 

2 Intuitive Overview of the two Extensional Approaches 

In this section we introduce extensional higher-order logic programming and present the two existing 
approaches for assigning meaning to programs of this paradigm. Since these two proposals were initially 
introduced by W. W. Wadge and M. Bezem respectively, we will refer to them as Wadge’s semantics 
and Bezem’s semantics respectively. The key idea behind both approaches is that in order to achieve 
an extensional semantics, one has to consider a fragment of higher-order logic programming that has a 
restricted syntax. 

2.1 Extensional Higher-Order Logic Programming 

The main differences between extensional and intensional higher-order logic programming can be easily 
understood through two simple examples (borrowed from f5l). Due to space limitations, we avoid a more 
extensive discussion of this issue; the interested reader can consult iSl. 

Example 1. Suppose we have a database of professions, both of their membership and their status. We 
might have rules such as: 

engineer(tom). 
engineer(sally). 
programmer(harry). 

with engineer and programmer used as predicates. In intensional higher-order logic programming we 
could also have rules in which these are arguments, eg: 

profession(engineer). 
profession(programmer). 

Now suppose tom and sally are also avid users of Twitter. We could have rules: 

tweeter(tom). 
tweeter(sally). 

The predicates tweeter and engineer are equal as sets (since they are true for the same objects, 
namely tom and sally). If we attempted to understand the above program from an extensional point 
of view, then we would have to accept that prof ession(tweeter) must also hold (since tweeter and 
engineer are indistinguishable as sets). It is clear that the extensional interpretation in this case is com¬ 
pletely unnatural. The program can however be understood intensionally: the predicate profession is 
true of the name engineer (which is different than the name tweeter). □ 

On the other hand, there are cases where predicates can be understood extensionally: 
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Example 2. Consider a program that consists only of the following rule: 

p(Q):-Q(0),Q(l). 

In an extensional language, predicate p above can be intuitively understood in purely set-theoretic terms: 
p is the set of all those sets that contain both 0 and 1. 

It should be noted that the above program is also a syntactically acceptable program of the existing 
intensional logic programming languages. The difference is that in an extensional language the above 
program has a purely set-theoretic semantics. □ 

From the above examples it can be understood that extensional higher-order logic programming 
sacrifices some of the rich syntax of intensional higher-order logic programming in order to achieve 
semantic clarity. 

2.2 Wadge’s Semantics 

The first proposal for an extensional semantics for higher-order logic programming was given in ifTOl 
(and later refined and exfended in l|7] [5l @1). The basic idea behind Wadge’s approach is fhaf if we 
consider a properly resfricfed higher-order logic programming language, fhen we can use sfandard ideas 
from denofafional semantics in order fo assign an exfensional meaning fo programs. The basic synlacfic 
assumptions infroduced by Wadge in lITOl are fhe following: 

• In fhe head of every rule in a program, each argumenf of predicafe fype musf be a variable; all such 
variables musf be disfincf. 

• The only variables of predicate fype fhaf can appear in fhe body of a rule, are variables fhaf appear 
in ifs head. 

Programs fhaf safisfy fhe above resfricfions are named definitional in ITOl . 

Example 3. The progratr0: 

p(a) . 
q(b). 

r(P,Q):-P(a),Q(b). 

is definitional because fhe argumenfs of predicate fype in fhe head of fhe rule for r are disfincf variables. 
Moreover, fhe only predicate variables fhaf appear in fhe body of fhe same rule, are fhe variables in ifs 
head (namely P and Q). □ 

Example 4. The program: 

q(a) . 
r(q). 

is nof definifional because fhe predicafe consfanf q appears as an argumenf in fhe second clause. For a 
similar reason, fhe program in Example[I]is nof definifional. The program: 

p(Q,Q):-Q(a). 

is also nof definifional because fhe predicafe variable Q is used fwice in fhe head of fhe above rule. Finally, 
fhe program: 

p(a):-Q(a). 

is nof definifional because fhe predicafe variable Q fhaf appears in fhe body of fhe above rule, does nof 
appear in fhe head of fhe rule. □ 

*For simplicity reasons, the syntax that we use in our example programs is Prolog-like. The syntax that we adopt in the next 
section is slightly different and more convenient for the theoretical developments that follow. 
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As it is argued in ifTOl . if a program satisfies the above two syntactic restrictions, then it has a unique 
minimum model (this notion will be precisely defined in Section O. Consider again the program of 
Example |3] In the minimum model of this program, the meaning of predicate p is the relation {a} 
and the meaning of predicate q is the relation {b}. On the other hand, the meaning of predicate r 
in the minimum model is a relation that contains the pairs ({a},{b}), ({a,b},{b}), ({a},{a,b}) and 
({a,b}, {a,b}). As remarked by W. W. Wadge (and formally demonstrated in Q O), the minimum 
model of every definitional program is monotonic and continuou^ Intuitively, monotonicity means that 
if in the minimum model the meaning of a predicate is true of a relation, then it is also true of every 
superset of this relation. For example, we see that since the meaning of r is true of ({a}, {b}), then it is 
also true of ({a,b},{b}) (because {a,b} is a superset of {a}). 

The minimum model of a given definitional program can be constructed as the least fixed-point of an 
operator that is associated with the program, called the immediate consequence operator of the program. 
As it is demonstrated in ifTOi rTll. the immediate consequence operator is monotonic, and this guarantees 
the existence of the least fixed-point which is constructed by a bottom-up iterative procedure (more 
formal details will be given in the next section). 

Example 5. Consider the definitional program: 

q(a) . 
q(b) . 

p(Q):-Q(a). 
id(R)(X):-R(X). 

In the minimum model of the above program, the meaning of q is the relation {a, b}. The meaning of p is 
the set of all relations that contain (at least) a; more formally, it is the relation {r | a € r}. The meaning of 
id is the set of all pairs {r,d) such that d belongs to r; more formally, it is the relation {{r,d) | J G r}. □ 

Notice that in the construction of the minimum model, all predicates are initially assigned the empty 
relation. The rules of the program are then used in order to improve the meaning assigned to each 
predicate symbol. More specifically, af each sfep of the fixed-point computation, the meaning of each 
predicate symbol either stabilizes or it becomes richer than the previous step. 

Example 6. Consider again the definitional program of the previous example. In the iterative construc¬ 
tion of the minimum model, all predicates are initially assigned the empty relation (of the corresponding 
type). After the first step of the construction, the meaning assigned to predicate q is the relation {a,b} 
due to the first two facts of the program. At this same step, the meaning of p becomes the relation 
{r I a € r}. Also, the meaning of id becomes equal to the relation {{r,d) \ d G r}. Additional itera¬ 
tions will not alter the relations we have obtained at the first step; in other words, we have reached the 
fixed-point of the bottom-up computation. □ 

In the above example, we obtained the meaning of the program in just one step. If the source program 
contained recursive definitions, convergence to the least fixed-point would in general require more steps. 

2.3 Bezem’s Semantics 

In im 13, M. Bezem proposed an alternative extensional semantics for higher-order logic programs. 
Again, the syntax of the source language has to be appropriately restricted. Actually, the class of pro¬ 
grams adopted in 11113 is a proper superset of the class of definitional programs. In particular, Bezem 
proposes the class of hoapata programs which extend definitional programs: 

^The notion of continuity will not play any role in the remaining part of this paper. 
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• A predicate variable that appears in the body of a rule, need not necessarily appear in the head of 
that rule. 

• The head of a rule can be an atom that starts with a predicate variable. 

Example 7. All definitional programs of the previous subsection are also hoapata. The following non- 
definitional program of Example |4]is hoapata: 

p(a):-Q(a). 

Intuitively, the above program states that p is true of a if there exists a predicate that is defined in the 
program that is true of a. We will use this program in our discussion at the end of the paper. 

The following program is also hoapata (but not definitional): 

P(a,b). 

Intuitively, the above program states that every binary relation is true of the pair (a,b). □ 

Given a hoapata program, the starting idea behind Bezem’s approach is to take its “ground instantia¬ 
tion” in which we replace variables with well-typed terms of the Herbrand Universe of the program (ie., 
terms that can be created using only predicate and individual constants that appear in the program). For 
example, given the program: 

q(a) . 
q(b). 

p(Q):-Q(a). 
id(R)(X):-R(X). 

the ground instantiation is the following infinite “program”: 

q(a) . 
q(b). 

p(q):-q(a) . 
id(q)(a):-q(a). 
p(id(q)):-id(q)(a). 
id(id(q))(a):-id(q)(a). 
p(id(id(q))):-id(id(q))(a). 


One can now treat the new program as an infinite propositional one (ie., each ground atom can be seen as 
a propositional one). This implies that we can use the standard least fixed-point construction of classical 
logic programming (see for example |f8]) in order to compute the set of atoms that should be taken as 
“true”. In our example, the least fixed-point will contain atoms such as q(a), q(b), p(q), id(q) (a), 
p(id(q)), and so on. 

A main contribution of Bezem’s work was that he established that the least fixed-point of the ground 
instantiation of every hoapata program is extensional. This notion can intuitively be explained as follows. 
It is obvious in the above example that the relations q and id(q) are equal (they are both true of only 
the constant a, and therefore they both correspond to the relation {a}). Therefore, we would expect that 
(for example) if p(q) is true then p(id(q)) is also true because q and id(q) should be considered as 
interchangeable. This property of “interchangeability” is formally defined in ||Tl|2l and it is demonstrated 
that it holds in the least fixed-point of the immediate consequence operator of the ground instance of every 
hoapata program. 
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2.4 The Differences Between the two Approaches 

It is not hard to see that the two semantic approaches outlined in the previous subsections, have some 
important differences. First, they operate on different source languages. Therefore, in order to compare 
them we have to restrict Bezem’s approach to the class of definitional program^. 

The main difference however between the two approaches is the way that the least fixed-point of the 
immediate consequence operator is constructed in each case. In Wadge’s semantics the construction starts 
by initially assigning to every predicate constant the empty relation; these relations are then improved 
at each step until they converge to their final meaning. In other words, Wadge’s semantics manipulates 
relations. On the other hand, Bezem’s semantics works with the ground instantiation of the source 
program and, at first sight, it appears to have a more syntactic flavor. In our running example, Wadge’s 
approach converges in a single step while Bezem’s approach takes an infinite number of steps in order 
to converge. However, one can easily verify that the ground atoms that belong to the least fixed-point 
under Bezem’s semantics, are also true in the minimum model under Wadge’s semantics. This poses the 
question whether under both approaches, the sets of ground atoms that are true, are identical. This is the 
question that we answer positively in the rest of the paper. 

3 Definitional Programs and their Semantics 

In this section we define the source language of definitional higher-order logic programs. Moreover, 
we present in a formal way the two different extensional semantics that have been proposed for such 
programs, namely Wadge’s and Bezem’s semantics respectively. 

3.1 Syntax 

The language is based on a simple type system that supports two base types: o, the boolean domain, 
and i, the domain of individuals (data objects). The composite types are partitioned into three classes: 
functional (assigned to function symbols), predicate (assigned to predicate symbols) and argument (as¬ 
signed to parameters of predicates). 

Definition 1. A type can either be functional, argument, or predicate, denoted by a, p and n respectively 
and defined as: 


a := i I (i -> a) 
n :=o\ {p ^ n) 
p :=i\n 

We will use T to denote an arbitrary type (either functional, argument or predicate one). As usual, 
the binary operator is right-associative. A functional type that is different than i will often be written 
in the form i” —> i, n > 1. Moreover, it can be easily seen that every predicate type tt can be written in 
the form pi ^ p„ o, n > 0 (for n = 0 we assume that tt = o). 

We proceed by defining the syntax of 

Definition 2. The alphabet of the higher-order language consists of the following: 

1. Predicate variables of every predicate type n (denoted by capital letters such as P, Q, R,...). 

^Actually, we could alternatively extend Wadge’s approach to a broader class of programs. Such an extension has already 
been performed in 0, and we will discuss its repercussions in the concluding section. 
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2. Individual variables of type i (denoted by capital letters such as X, Y, Z,.. .)■ 

3. Predicate constants of every predicate type 7i (denoted by lowercase letters such as p, q, r,.. .)■ 

4. Individual constants of type i (denoted by lowercase letters such as a, b, c,.. .)■ 

5. Function symbols of every functional type a / l (denoted by lowercase letters such as f, g, h,...). 

6. The logical conjunction constant A, the inverse implication constant •(—, the left and right paren¬ 
theses, and the equality constant for comparing terms of type i. 

The set consisting of the predicate variables and the individual variables of will be called the 
set of argument variables of Argument variables will be usually denoted by V and its subscripted 
versions. 

Definition 3. The set of terms of the higher-order language is defined as follows: 

• Every predicate variable (respectively predicate constant) of type tt is a term of type tt; every 
individual variable (respectively individual constant) of type i is a term of type l; 

• if f is an n-ary function symbol and Ei,..., E„ are terms of type i then (f Ei • • • E„) is a term of 
type i; 

• if El is a term of type p —> tt and E 2 a term of type p then (Ei E 2 ) is a term of type Tt. 

Definition 4. The set of expressions of the higher-order language is defined as follows: 

• A term of type p is an expression of type p; 

• if El and E 2 are terms of type i, fhen (Ei ss E 2 ) is an expression of type o. 

We wrife vars{E) fo denote the set of all the variables in E. Expressions (respectively terms) that have 
no variables will often be referred to as ground expressions (respectively ground terms). Expressions of 
type o will often be referred to as atoms. We will omit parentheses when no confusion arises. To denote 
that an expression E has type p we will often write E : p. 

Definition 5. A clause is a formula p Vi • • • V„ ^ Ei A • • • A E^, where p is a predicate constant, p Vi • • • V„ 
is a term of type o and Ei,..., E„, are expressions of type o. The term p Vi • • • V„ is called the head of the 
clause, the variables Vi,..., V„ are the formal parameters of the clause and the conjunction Ei A • • • A E^ 
is its body. A definitional clause is a clause that additionally satisfies fhe following fwo resfricfions: 

1. All fhe formal paramefers are disfincf variables (ie., for all i,j such thaf 1 <i,j<n, V;/Vy). 

2. The only variables fhaf can appear in fhe body of fhe clause are ifs formal paramefers and possibly 
some additional individual variables (namely variables of fype i). 

A program P is a sef of definifional program clauses. 

In fhe resf of fhe paper, when we refer fo “clauses” we will mean definifional ones. Eor simplicify, we 
will follow fhe usual logic programming convenfion and we will wrife p Vi • • • V„ ^ Ei,..., E„, insfead 
of p Vi •••V„ ^ El A---A E„,. 

Our synfax differs slightly from the Prolog-like syntax that we have used in Section |2l However, one 
can easily verify that we can transform every program from the former syntax to the latter. 

Definition 6. Eor a program P, we define fhe Herbrand universe for every argumenf fype p, denofed 
by Up,p fo be fhe sef of all ground ferms of fype p, fhaf can be formed ouf of fhe individual consfanfs, 
function symbols and predicafe consfanfs in fhe program. 

In fhe following, we will often falk abouf fhe “ground insfanfiafion of a program”. This notion is 
formally defined below. 
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Definition 7. A ground substitution 0 is a finite set of the form {Vi/Ei,..., V„/E„} where the V,’s 
are different argument variables and eaeh E,- is a ground term having the same type as V,. We write 
dom{d) = {Vi,... ,V„} to denote the domain of 6. 

We ean now define the applieation of a substitution to an expression. 

Definition 8. Let 0 be a substitution and E be an expression. Then, E0 is an expression obtained from E 
as follows: 

• E0 = EifEisa predieate or individual eonstant; 

• V0 = 0(V) if V G dom{d)', otherwise, V0 = V; 

. (f Ei---E„)0 = (f Ei0---E„0); 

. (El E2)0 = (Ei0E20); 

. (EiP:iE2)0 = (Ei0RiE20). 

Definition 9. Let E be an expression and 0 be a ground substitution sueh that vars{E) C dom{0). 
Then, the ground expression E0 is ealled a ground instantiation of E. A ground instantiation of a 
clause p Vi • • • V„ El,..., Em with respeet to a ground substitution 0 is the formula (p Vi • • • V„)0 ^ 
E] 0,..., Em0. The ground instantiation of a program P is the (possibly infinite) set that eontains all the 
ground instantiations of the elauses of P with respeet to all possible ground substitutions. 

3.2 Wadge’s Semantics 

The key idea behind Wadge’s semanties is (intuitively) to assign to program predieates monotonie re¬ 
lations. In the following, given posets A and B, we write [A —> B] to denote the set of all monotonie 
relations from A to B. 

Before speeifying the semanties of expressions of Jif we need to provide the set-theoretie meaning 
of the types of expressions of Jif with respeet to an underlying domain. It is eustomary in logie pro¬ 
gramming to take the underlying domain to be the Herbrand universe Up i. In the following definition 
we define simultaneously and reeursively two things: the semanties |t] of a type T and a eorresponding 
partial order on the elements of |t]. We adopt the usual ordering of the truth values false and true, 

i.e. false < false, true < true and false < true. 

Definition 10. Let P be a program. Then, 

• |l] = Up I and Qi is the trivial partial order that relates every element to itself; 

• |l” —7> ij = t/p j —)■ Up^i- A partial order for this ease is not needed; 

• M = {false, true} and Cq is the partial order < on truth values; 

• Ip ;r]] = [IpJ Itt]]] and is the partial order defined as follows: for all f,g G |p ;r]], 

/ !=p->;r S iff f{d) g{d) for all d G |p]. 

We now proeeed to define Herbrand interpretations and states. 

Definition 11. A Herbrand interpretation 7 of a program P is an interpretation sueh that: 

1. for every individual eonstant c that appears in P, 7(c) = c; 

2. for every predieate eonstant p : n that appears in P, 7(p) G |7r]; 

3. for every n-ary funetion symbol f that appears in P and for all G t/p.i, 7(f) ti = 

fti 
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Definition 12. A Herbrand state 5 of a program P is a function that assigns to each argument variable V 
of type p, an element ^(V) € |p]]. 

In the following, s\\//d] is used to denote a state that is identical to s the only difference being that 
the new state assigns to V the value d. 

Definition 13. Let P be a program, 7 be a Herbrand interpretation of P and 5 be a Herbrand state. Then, 
the semantics of the expressions of P is defined as follows: 

1. |V]i(/) = ^(V) if V is a variable; 

2 . |c]i(7) = /(c) if c is an individual constant; 

3. |p]]i(/) = /(p) if p is a predicate constant; 

4. I(fEi...E„)l,(/)=7(f)lEil,(7)...lE„l,(7); 

5. I(Ei E2)1.(7) = lEil,(7) |E2l.(7); 

6 . |(Ei R 3 E 2 )li(/) = true if |Ei]],(/) = |E 2 li(/) and false otherwise. 

For ground expressions E we will often write |E](/) instead of |E]]i(/) since the meaning of E is 
independent of s. 

It is straightforward to confirm fhaf fhe above definifion assigns fo every expression an elemenf of 
fhe corresponding semanfic domain, as sfafed in fhe following lemma: 

Lemma 1. Let P be a program and let P: p be an expression. Also, let 1 be a Herbrand interpretation 
and s be a Herbrand state. Then |{E]i(/) G |p]. 

Definition 14. Let P be a program and M be a Herbrand interpretation of P. Then, M is a Herbrand 
model of P iff for every clause p Vi • • • V„ ^ Ei,... E^ in P and for every Herbrand state s, if for all 
/ G {1,... ,ni}, [[E,]]i(M) = true then [p Vi • • •V„]]^(M) = true. 

In the following we denote the set of Herbrand interpretations of a program P with J^p. We define a 
partial order on J^p as follows: for all 7,7 G J^p, 7 J iff for every predicate p : 7t that appears in P, 
f (p) Qn J{p)- Similarly, we denote the set of Herbrand states with and we define a partial order as 
follows: for all ^ 1,52 £ C^p S 2 iff for all variables V : p, 5i(V) Lp 52(V). The following lemmata 

are straightforward to establish: 

Lemma 2. Let P be a program. Then, {^p,^yp) is a complete lattice. 

Lemma 3. Let P be a program and let P: p be an expression. Let 7,7 be Herbrand interpretations and 
s, s' be Herbrand states. Then, 

1. 7/7C^p7t/jen[El,(7)Cp [El,(7). 

2. Ifs C^p / then IE1,(7) Cp [El,,(7). 

We can now define the immediate consequence operator for programs, which generalizes the 
corresponding operator for classical (first-order) programs fSi 

Definition 15. Let P be a program. The mapping Tp : J^p —)■ J^p is called the immediate consequence 
operator for P and is defined for every predicate p : pi p„ o and 7,- G [p,l as 


rp(7)(p) di---d„= < 


true 


false 


there exists a clause p Vi ■ • • V„ Ei,... E^ such that 

for every state 5 , [E,l,[v,/rfi,...,v„/rf„](7) = true for all / G {1,... ,m} 

otherwise. 


It is not hard to see that Tp is a monotonic function, and this leads to the following theorem ifTOl |3 : 
Theorem 1. Let P be a program. Then Mp = ifp{Tp) is the minimum, with respect to Herbrand 
model of P. 
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3.3 Bezem’s Semantics 


In contrast to Wadge’s semantics which proceeds by constructing the meaning of predicates as relations, 
Bezem’s approach takes a (seemingly) more syntax-oriented approach. In particular, Bezem’s approach 
builds on the ground instantiation of the source program in order to retrieve the meaning of the program. 
In our definitions below, we follow relatively closely the exposition given in HUH 13. 

Definition 16. Let P be a program and let Gr(P) be its ground instantiation. An interpretation I for 
Gr(P) is defined as a subsef of f/p ^ by fhe usual convenfion fhaf, for any A € f7p,o, /(A) = true iff A G /. 
We also extend fhe inferprelafion I for every (Ei « E2) atom as follows: /(Ei « E2) = true if Ei = E2 
and false ofherwise. 

Observe fhaf fhe meaning of (Ei E 2 ) is fixed and independenf of fhe inferprefafion. 

Definition 17. We define fhe immediafe consequence operator, ^qp), of P as follows: 


'^r(P)(^)(A) 


true if fhere exisfs a clause A ■(— Ei,..., E^ in Gr(P) 
< such fhaf /(E,) = true for all / G {1,... ,m} 

false ofherwise. 


As if is well esfablished in bibliography (for example [8]), fhe teas! fixed-poinl of fhe immediafe 
consequence operafor of a proposifional program exisfs and is fhe minimum, wifh respecf to sef inclusion 
and equivalenfly <, model of Gr(P). This fixed-poinf, which we will henceforfh denote by ./#g|.(P)> is 
shown in m 13 to be directly related to a notion of a model capable of capturing the perceived semantics 
of the higher-order program P. In particular, this model by definition assigns to all ground atoms the 
same truth values as ./#Gr(P)- It is therefore justified fhaf we resfricf our affenfion to ./^Gr(P)^ instead of 
the aforementioned higher-order model, in our attempt to prove the equivalence of Bezem’s semantics 
and Wadge’s semantics. 

The following definition and subsequent theorem obtained in O, identify a property of ./#Gr{P) that 
we will need in the next section. 

Definition 18. Let P be a program and let the <-minimum model of Gr(P). For every 

argument type p we define a corresponding parfial order as follows: for fype i, we define Aj as synfacfical 
equalify, i.e. E A; E for all E G Up i- For fype o, E A^ E' iff .^Gr(P)(E) < ^Gr{P)(E0- For ^ predicate 
fype of fhe form p ^ 7i, E E' iff E D A^j. E' D for all D G t/p,p- 

Theorem 2 (A-Monofonicily Properly), Let P be a program and .^Gr(P) the <-minimum model 
o/Gr(P). Then for all E G f/p.p^jr i^nd all D, D' G Lpp such that D Ap D', it holds E D A^^ E D'. 


4 Equivalence of the two Semantics 

In fhis seclion we demonslrale fhaf fhe fwo semantics presented in fhe previous seclion, are equivalenf for 
definitional programs. To help us franscend fhe differences belween fhese approaches, we inlroduce fwo 
key notions, namely fhaf of fhe ground restriction of a higher-order inferprelafion and ils complemenlary 
notion of fhe semantic extension of ground expressions. Bui firsl we presenl fhe following Substitution 
Lemma, which will be useful in fhe proofs of later resulls. 

Lemma 4 (Subslifulion Lemma). Let P be a program and I be a Herbrand interpretation of P. Also let 
E be an expression and G be a ground substitution with vars{E) C dom(6). If s is a Herbrand state such 
that, for all V G vars{E), s{\/) = |6(V)]](/), then |E]i(/) = |E0]](/). 



28 


Equivalence of two Definitional Higher-Order LP Semantics 


Proof. By a structural induction on E. For the basis case, if E = p or E = c then the statement reduces to 
an identity and if E = V then it holds by assumption. For the induction step, we first examine the case that 
E = (f El E„);then |El,(/)=/(f) |Eil,(/) ••• |E„1,(/) and |Ee](/) =/(f) lEiFK^) ••• [E„eK/). 
By the induction hypothesis, |Eil^(/) = [[Eie](/),..., |E„]^(/) = [E„e]](^)’ thus we have [[E]^(/) = 
|{E0]](/). Now consider the case that E = Ei E 2 . We have [E]]i(/) = |Ei]]i(/)|E 2 ]]i(/) and |E6](/) = 
|Ei 0]](/)|E20]](/). Again, applying the induction hypothesis, we conclude that |E]^(/) = |E0](/). Fi¬ 
nally, if E = (El E 2 ) we have that [E]]i(/) = true iff |Ei]i(/) = |E 2 |i(/), which, by the induction 
hypothesis, holds iff [[Ei0]](/) = |E20]](^)- Moreover, we have [E0](/) = true iff |Ei0]](/) = |E20]](^)> 
therefore we conclude that |E]i(/) = true iff |E0](/) = true. □ 

Given a Herbrand interpretation / of a definitional program, it is straightforward to devise a corre¬ 
sponding interpretation of the ground instantiation of the program, by restricting 1 to only assigning truth 
values to ground atoms. As expected, such a restriction of a model of the program produces a model of 
its ground instantiation. This idea is formalized in the following definition and theorem. 

Definition 19. Let P be a program, / be a Herbrand interpretation of P and Gr(P) be the ground instan¬ 
tiation of P. We define the ground restriction of I, which we denote by /|Gr(p), to be an interpretation of 
Gr(P), such that, for every ground atom A, /|Gr(P)(A) = |A]](/). 

Theorem 3. Let P be a program and Gr(P) be its ground instantiation. Also let M be a Herbrand model 
ofP and M|Gr(P) ground restriction ofM. Then M|Gr(P) A a model o/Gr(P). 

Proof. By definition, each clause in Gr(P) is of the form p Ei • • • E„ ■(— B 16 ,..., P>kQ, i-e. the ground 
instantiation of a clause pVi ••• ^ Bi,...,B,(: in P with respect to a ground substitution Q, such 

that dom{d) includes Fi,... ,14 and all other (individual) variables appearing in the body of the clause 
and 6(Vi) = E,-, for all / G {1,... ,n}. Let 5 be a Herbrand state such that ^(V) = |0(V)](M), for all 
V G dom{6). By the Substitution Lemma (LemmalU) and the definition of M|Gr(P)> Ip Vi • • • V„]]i(M) = 
|pEi ••• E„](M) = M|Gr(p)(pEi ••• E„). Similarly, for each atom B,- in the body of the clause, we 
have [[B;]]i(M) = |B,'0]](M) = M|Gr(p)(B,-0), 1 < i < k. Consequently, if M|Gr(p)(B;0) = true for all 
/ G {1,..., A:}, we also have that |B,]i(M) = true, I < i < k. As M is a model of P, this implies that 
[pVi • • • V„]]^(M) = M|Gr(P)(pEi • • • E„) = true and therefore M|Gr(P) A a model of Gr(P). □ 

The above theorem is of course useful in connecting the C -minimum Herbrand model of a program 
to its ground instantiation. However, in order to prove the equivalence of the two semantics under 
consideration, we will also need to go in the opposite direction and connect the <-minimum model of 
the ground program to the higher-order program. To this end we introduce the previously mentioned 
semantic extensions of a ground expression. 

Definition 20. Let P be a program and ./#Gr(P) be the <-minimum model of Gr(P). Let E be a ground 
expression of argument type p and d be an element of |p]. We will say that J is a semantic extension of 
E and write >p E if 

• p = l and d = E; 

• p = 0 and d = .^Gr(P)(E); 

• p = p' ^ It and for all d' G |p']] and E' G Uppt, such that d' >pi E', it holds that dd' \>ti E E'. 

Compared to that of the ground restriction presented earlier, the notion of extending a syntactic 
object to the realm of semantic elements, is more complicated. In fact, even the existence of a semantic 
extension is not immediately obvious. The next lemma guarantees that not only can such an extension 
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be constructed for any expression of the language, but it also has an interesting property of mirroring 
the ordering of semantic objects with respect to in a corresponding ordering of the expressions with 
respect to 

Lemma 5. Let P be a program, Gr(P) be its ground instantiation and ^Gr(P) be the <-minimum model 
o/Gr(P). For every argument type p and every ground term E G f/p p 

1. There exists e € [pj such that e Op E. 

2. For all e,e' G [p] and all E' G f/p,p, if e Op E, e' Op E' and e Qp e', then E Ap E'. 

Proof. We prove both statements simultaneously, performing an induction on the structure of p. Specif¬ 
ically, the first statement is proven by showing that in each case we can construct a function e of type p, 
which is monotonic with respect to Op and satisfies e Op E. 

In fhe basis case, fhe consfrucfion of e for fypes i and o is frivial. Also, if p = i, fhen bofh Op 
and Op reduce fo equality, so we have E = E', which in fhis case is equivalenf fo E Ap E'. On the 
other hand, for p = o. Op identifies wifh equalify, while Op and Ap idenfify wifh <, so we have fhaf 
‘^Gr(P)(E) = e <e' = ^Gr(P)(E') implies E Ap E'. 

For a more complex type p = pi —> • • ■ ^ p„ —o, n > 0, we can easily consfrucf e, as follows: 


/ 

true, 

if there exist d\,...,dn and ground terms Di,. 

.., D„ such that. 


for all i,di Cp. ei,di [>p, D,- and ./#Gr{P)(EC)i • 

• D„) = true 

false, 

otherwise. 



To see fhaf e is monofonic, consider ei,... such fhaf Op^ Op^ e'^ and observe 

fhaf ee\ ■ • • = true implies ee\ ■■■ e'„ = true, due fo fhe fransifivily of Cp_. We will now show fhaf 
e Op E, i.e. for all ei,... ,e„ and Ei,..., E„ such fhaf ei Op, Ei,... Op„ E„, if holds ee\ • • • = 
./#Gr(P) (E El • • • E„). This is frivial if .^Gr(P) (E Ei • • • E„) = true, since ei Op. e^. Lef us now examine fhe 
case fhaf .y#Gr(P)(E Ei • • • E„) = false. For fhe sake of confradicfion, assume ee\ ■■■ e„ = true. Then, by 
fhe consfrucfion of e, there must exist d\,... ,df, and D],..., D„ such that, for all i, di Op. e,-, di Op, D,- and 
./#Gr{P)(E C)i • • • D„) = true. By the induction hypothesis, we have that D,- Ap. E,-, for all i G{l,...,n}. 
This, by the A-Monotonicity Property of .y#Gr(P) (Theorem|2l), yields that .^Gr(P)(E Di • • • D„) = true < 
.^Gr(P)(E El • • • E„) = false, which is obviously a contradiction. Therefore it has to be that ee\ • • • = 

false. 

Finally, in order to prove the second statement and conclude the induction step, we need to show 
that for all terms Di G f/p.pi,..., D„ G f2p.p„, it holds E Di • • • D„ E' Di • • • D„. By the induction 
hypothesis, there exist d\,... ,dn, such that d\ [>pj Di,... >p„ D„. Because e>pE and E Di • • • D„ is 

of type o, we have e d\ ■■■ d^ = .^Gr(P) (E Di • • • D„) by definition. Similarly, we also have e' di ■■■ d„ = 
.^Gr(P)(E^ Di • • • D„). Moreover, by e Fp e' we have that e di ■ ■ ■ dn e' d\ ■ ■ ■ dn. This yields the 
desired result, since Co identifies wifh □ 

The following variation of fhe Subsfifufion Lemma sfafes fhaf if fhe building elemenfs of an expres¬ 
sion are assigned meanings fhaf are semanfic extensions of fheir synfacfic counterparts, fhen fhe meaning 
of fhe expression is ilself a semanfic extension of fhe expression. 

Lemma 6. Let P be a program, Gr(P) be its ground instantiation and 1 be a Herbrand interpretation of 
P. Also, let E be an expression of some argument type p and let s be a Herbrand state and 6 be a ground 
substitution, both with domain vars{E). If, for all predicates p of type 7l appearing in E, |p] (/) p and, 
for all variables V of type p' in vars{E), s{\/) >p/ 0(V), then |E]i(/) [>p Ed. 
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Proof. The proof is by induction on the structure of E. The basis cases E = p and E = V hold by 
assumption and E = c : l is trivial. For the first case of the induction step, let E = (f Ei • • • E„), where 
El,..., E„ are of type l. By the induction hypothesis, we have that [[Ei]]i(/) [>i Ei 0 ,..., |E„]]i(/) o, E„6. 
As >1 is defined as equality, we have that [E]]i(/) = /(f) [[Ei]i(/) • • • [E„]i(/) = f Ei 0 • • • E „0 = E 0 
and therefore [[E]i(/) !>[ E6. For the second case, let E = Ei E2, where Ei is of type pi = p2 —^ TT and 
E2 is of type P2; then, |E] 1 ,(/) = |Eil^(/) lE2l,(/). By the induction hypothesis, [[Ei]l,(/) EjF and 

IE2].(/) >p, E2d, thus, by definition, IE 1 ,(/) = IEil,(/) [E2l.(/) E,d E2e = (Ei E2)0 = Ed. Finally, 
we have the case that E = (Ei E2), where Ei and E2 are both of type i. The induction hypothesis yields 
[[Ei]i(/) t>[ EiF and |E2]]i(/) >i E2e or, since >i is defined as equalify, |Ei]]^(/) = EiF and |E2li(/) = 
E26. Then |Ei]]i(/) = |E2]]i(/) iff Ei 0 = E20 and, equivalenfly, [[E]i(/) = true iff E 0 = true, which 
implies |E]]^(/) Oo E 6 . □ 

We are now ready fo presenf fhe main resulf of this paper. The theorem establishes the equivalence 
of Wadge’s semantics and Bezem’s semantics, in stating that their respective minimum models assign 
the same meaning to all ground atoms. 

Theorem 4. Let P be a program and let Gr(P) be its ground instantiation. LetMp be the Ej;^-minimum 
Herbrand model of P and let .y^c.r(D\ be the <-minimum model of Gr(P). Then, for every A G //p „ it 
w*|Ai(Mp) = .,r,„p,(A). " ■ 

Proof. We will construct an interpretation N for P and prove some key properties for this interpretation. 
Then we will utilize these properties to prove the desired result. The definition of N is as follows: 


For every p : pi ^ • • • —> p„ ^ o and all r/i € |pi]]G |p„l 


N{p)dy ■■■dn 


false, 

if there exist ei,... 

,e„ and ground terms Ei,. 

... ,E„ such that. 

true. 

for all i,di Ep- 

otherwise 

[>p, Ei and./#Gr(P)(pEi • 

■ ■ En) = false 


Observe that A is a valid Herbrand interpretation of P, in the sense that it assigns elements in [tt]] (i.e. 
functions that are monotonic with respect to to every predicate of type 7t in P. Indeed, if it was not so, 
then for some predicate p : tt = pi —> • • • ^ p„ —)• o, there would exist tuples {d\,...,dn) and {d[,...,df) 
withr/i jZpj d[,...,d„ CIp„ d', such that A(p)(ii •••</„ =true and A(p)d'j •••</' = false. By definition, the 
fact that A(p)(/( ■■■ d'„is assigned the value false, would imply that there exist ei,...,e„ and Ei,...,E„ 
as in the above definition, such that ./#Gr(p)(pEi ••• E„) = false and d[ ITp^ ei,...,d'„ Cp,, e„. Being 
that [Tp are transitive relations, the latter yields that di Qp^ ei,... Cp,_ e„. Therefore, by definition, 
A(p)<ii ■■■ dn should also evaluate to false, which constitutes a contradiction and thus confirms fhaf the 
meaning of p is monotonic with respect to 

It is also straightforward to see that A(p) \>jt p, i.e. for aWdi,... ,dn and all ground terms Di,..., D„ 
such that d\ Op; Di,... >p^ D„, we have A(p)<ii ■■■ d„ = ./#Gr(P)(P Di • • • D„). Because </,• Cp. di, 

this holds trivially if ./#Gr(P)(P Di ••• Dn) = false. Now let ./#Gr(P)(P Di ••• D„) = true and assume, 
for the sake of contradiction, that A(p)di ■■■ dn = false. Then, by the definition of N, there must exist 
e\,...,en and Ei,..., E„ such that, for all i, di Ep. ei, ei \>p. E, and ^Gr(P) (P Ei • • • E„) = false. Thus, 
by the second part of Lemma [5l for all i, D,- Ap. E,- and, by the A-Monotonicity Property of ./#Gr(P)> 
‘^Gr(P)(pDi • • • D„) < .y#Gr(P)(P El • • • E„), which is obviously a contradiction. Thus we conclude that 
N{p)di ■ ■■ dn = true. 

Next we prove that A is a model of P. Let pVi ••• V„ ^ be a clause in P and let 

{Vi,... ,V„,Xi,... ,Xm}, with V,- : p;, for all / G {1,... ,n}, and X; : i, for all / G {1,... ,m}, be the set of 
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variables appearing in the clause. Then, it suffices to show that, for any tuple (r/i,... ,<i„) of arguments 
and any Herbrand state s such that = di for all / G {1,..., n}, N{p)di ■■■ dn = false implies that, for 
at least one y G {1,..., A:}, |By]]i (A^) = false. Again, by the definition of N, we see that if A(p) <ii ■■■ d„ = 
false, then there exist ,...,and ground terms Ei,..., E„ such that (p Ei • • • E„) = false, dy 

e\,...,dn Ep„ e„ and e\ >p| Ei,..., Op^ E„. Let 0 be a ground substitution such that Q (V,) = E,- for 
all i G and, for all i G m}, 0(X,) = 5(X,); then there exists a ground instantiation 

p El • • • E„ <— Bi 0,..., Bkd of the above clause in Gr(P). As ^g|.(P) ^ model of the ground program, 

‘^Gr(P)(P El • • • E„) = false implies that there exists at least one y G {1,... such that .^Gr(P)(Ey0) = 
false. We are going to show that the latter implies that [By]i(A) = false, which proves that A is a model 
of P. Indeed, let s' be a Herbrand state such that s'[Mi) = e, >p. 0(V,) = E, for all / G {1,...and 
s'{Xi) = 0(X;) = s{Xi) for all / G {1,... ,m}. As we have shown earlier, A(p') \>jii p' for any predi¬ 
cate p' : 7z', thus by Lemma |6] we get |By]].s/(A) >o By0. Since By is of type o, the latter reduces to 
[[B,llv'(A) = .yffr,r(p\{BjQ) = false. Also, because di ei, i.e. ^ s', by the second part of LemmalS] 

let, ly.W L ib* w, which makes ^ 

Now we can proceed to prove that, for all A G f/p.o, |A](Mp) = .c#Gr(P)(A). Let A be of the form 
p El • • • E„, where p:pi—^p„—> oGP and let d\ = [[Ei]](Mp),. ..,d„ = [E„](Mp). As we have 
shown, A is a Herbrand model of P, while Mp is the minimum, with respect to C^p, of all Herbrand 
models of P, therefore we have that Mp A. By definition, this gives us that Mp(p) d\ ■■■ dn^o 
A(p) di ■■■dn (1) and, by the first part of Lemma|3l that r/i ^p^ [[Ei]](A),... [E„](A) (2). More¬ 

over, for all predicates p' : n' in P, we have A(p') [>„/ p' and thus, by Lemma |6l taking s and 0 
to be empty, we get |Ei]](A) Op, E,-,l < i < n. In conjunction with (2), the latter suggests that if 
‘^Gr(P)(P El E„) = false then A(p) d\ ■■■ dn = false, or, in other words, that A(p) r/i < 
‘^Gr(P)(P El ••• E„). Because of (1), this makes it that Mp(p) r/i ••• dn < ^Gr(P)(P El ••• E„) (3). 
On the other hand, by Theorem [3l Mp|Gr(p) is a model of Gr(P) and therefore ./#g|.(P)(p Ei • • • E„) < 
Mp|Gr(p)(p El ••• E„), since .c#Gr(P) the minimum model of Gr(P). By the definition of Gr(P) 
and the meaning of application, the latter becomes ./#Gr(p)(p Ei ••• E„) < Mp|Gr(P)(P Ei ••• E„) = 
Mp(pEi ••• E„)=Mp(p) |Ei](Mp) ••• |{E„]](Mp) =Mp(p) (ii ••• The last relation and (3) can only 
be true simultaneously, if all the above relations hold as equalities, in particular if .y#Gr(P) (p Ei • • • E„) = 
[pEi •••E„](Mp). □ 


5 Discussion 

We have considered the two existing extensional approaches to the semantics of higher-order logic pro¬ 
gramming, and have demonstrated that they coincide for the class of definitional programs. It is therefore 
natural to wonder whether the two semantic approaches continue to coincide if we extend the class of 
programs we consider. Unfortunately this is not the case, as we discuss below. 

A seemingly mild extension to our source language would be to allow higher-order predicate vari¬ 
ables that are not formal parameters of a clause, to appear in its body. Such programs are legitimate under 
Bezem’s semantics (ie., they belong to the hoapata class). Moreover, a recent extension of Wadge’s se¬ 
mantics 121 also allows such programs. However, for this extended class of programs the equivalence of 
the two semantic approaches no longer holds as the following example illustrates. 

Example 8. Consider the following extended program: 


p(a):-Q(a). 
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Following Bezem’s semantics, we initially take the ground instantiation of the program, namely: 

p(a):-p(a). 

and then compute the least model of the above program which assigns to the atom p(a) the value false. 
On the other hand, under the approach in |2], the atom p (a) has the value true in the minimum Herbrand 
model of the initial program. This is due to the fact that under the semantics of Q, our initial program 
reads (intuitively speaking) as follows: “p(a) is true if there exists a relation that is true of a”; actually, 
there exists one such relation, namely the set {a}. This discrepancy between the two semantics is due to 
the fact that Wadge’s semantics is based on sets and not solely on the syntactic entities that appear in the 
program. □ 

Future work includes the extension of Bezem’s approach to higher-order logic programs with nega¬ 
tion. An extension of Wadge’s approach for such programs has recently been performed in [4]. More 
generally, the addition of negation to higher-order logic programming appears to offer an interesting and 
nontrivial area of research, which we are currently pursuing. 
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